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Abstract. Let p: E — » B be a principal fibration with classifying map w: B — » 
C. It is well-known that the group [X, £2 C] acts on [X, E] with orbit space the 
image of p# , where p# : [X, E] — » [X, B] . The isotropy subgroup of the map 
of X to the base point of E is also well-known to be the image of [X, Q B] . 
The isotropy subgroups for other maps e: X — * E can definitely change as e 
does. 

The set of homotopy classes of lifts of / to the free loop space on B is a 
group. If / has a lift to E, the set (/) is identified with the cokernel of a 
natural homomorphism from this group of lifts to [X, f!C]. 

As an example, [X, S 2 ] is enumerated for X a 4-complex. 



1. Results and discussion 

For based spaces X and Y, let [X, Y] denote the set of based homotopy classes 
of maps from X to Y. The constant map to the base point makes [X, Y] into a 
based set. If Y is based, the constant path at the base point is a base point for the 
based loops, ClY. 

A principal fibration p : E — > B is a fibration with a classifying map w: B — > C 
such that £ is a pull-back of the path-loop fibration for C along w. Pick a base 
point * E G E. Let the base point in B be * B — p(* E ) and let the base point in C 
be * c = w(* B ), so that w and p become based maps. 

It is a result going back to Peterson [6J Lemma 2.1, p. 199] and Nomura 
Corollary 2.1, p. 118] that there is an exact sequence of based sets 

(HZED ► [X,QB] — » [X,flC] -» [X, E] -^U [X, B] [A, C] 

in the following sense. Each map is a map of based sets and the image of one map 
is the inverse image of the base point for the following map. 

One way to derive this sequence is to fix an /: X — * B and consider the set 
Liftl(X > E\ of based homotopy classes of lifts of /. There is a forgetful map 
Lift{(X * Ej — > [X, E] and properties of fibrations imply that the image is 

Peterson and Thomas [7, Lemma 4.1, p. 17] show that there is a left action of 
the group [X, f2C] on the set [X, E] which identifies the orbit space with (*) 

where * G [X, C] is the base point. They show that the set Lift^X > Ej is a 
left [X, C] torsor and this gives exactness in (|1.1[) at [X, f2 C] . It further follows 
that the isotropy subgroup of the action on the base point of [X, E] is the image of 
[X,tlB]. 
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There is another way to proceed. For a space Y, let LY denote the free loop 
space and let e: LY — > Y denote the projection. The map e is a fibration. The 
constant loop at y £ Y defines a section s : Y — > L Y so the set of lifts has a base 
point, s o /. If * Y £ Y is a base point, the space LY has a base point, s(* Y ). Let 
Lift* (X > LY) denote the set of based homotopy classes of lifts of /. 

Addition of loops makes Lift{ (X > LY") into a group. A based map w: B — > 
C induces a based map Lw: LB — > LC and a family of group homomorphisms 

Lifti(X > LB) Cw * , L»/t; ' (X > LC) 

Theorem 1.2. The set Lift{(X > E) is a right Lift™ 0l {X > LC) torsor. 
To each element e £ [X, E] lifting f £ [X, B] , there is associated a group isomor- 
phism 

LiftT f (X > LC) [X,SIC] 
The image of the composition 

Lifti(X > LB) Ltftr f (X >LC) [X,SIC] 

is the isotropy subgroup of e under the left [X, SI C] action on [X, E] . 

Theorem 11.21 gives a sequence with many of the same properties as (jl.lj) . The 
group [X, SIC] is the same for both sequences. The group Lift^X > LB) de- 
pends on B, f and X instead of just X and SIB as in (|1.1|) . but it is still independent 
of C and w. The homomorphism between these two groups can depend on / in 
addition to just w (see ij6.3p . The additional information supplied by Theorem 1 1.21 
comes from the fact that all the isotropy subgroups are determined rather than just 
the isotropy subgroup of the null homotopic map as in (jl.ip . 

Remark 1.3. J. flutter [9] has results similar to these if B and C are H-spaces. 
In this case the multiplication can be used to naturally identify Lift s ^{X > LB) 
with [X, SI B] . Rutter uses the H-space structure to describe a homomorphism 
[X, SIB] — > [X, SIC], depending on /, which presumably is related to the homomor- 
phism given by Theorem 11.21 whenever B is an H-space. In general this homomor- 
phism can not be the one induced by Slw since the size of the cokernel can vary 
with/. (See 11] and 02) 

The observation that there is a natural right action of the section groups adds 
generality, and perhaps clarity, to the result. 

An additional observation is that the calculations required by (jl.ip and Theorem 
11.21 are natural in both the space X and the principal fibration. 

2. Recall of some basic results 

The sequence (jl.ip can be derived from standard results about the path-groupoid 
applied to function spaces. The needed results are recalled below. To prove Theo- 
rem [T2] requires an additional technical lemma, Lemma 12.41 
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2.1. Point set topology. As usual all constructions take place in a "convenient 
category", K,. Vogt [12; is a good reference. One key point is that the exponential 
correspondence holds, the space of maps X x Y to W, is homeomorphic to the space 
of maps of X to W Y . Here the product gets the product topology in K, and W Y 
gets the topology given by starting with the compact-open topology and making it 
compactly-generated. Also, the subspace topology on a subset is the one given by 
taking the usual subspace topology and then making it compactly-generated. 

If Wq C W is a subspace, in the category /C, then Wq Y with its topology is a 
subspace of W Y with its topology. 

Given any point w € W and any space Y, let C Y _ >W £ W Y denote the constant 
map of Y to w. Anytime W has a base point * w E W, the map C Y _ >t will be the 

base point in W Y . If both Y and W are based, then W Y is the subspace of W Y 
consisting of all maps / : Y — > W which preserve the base points. 

A base point is non-degenerate provided the pair (W, * w ) is an NDR pair. 

If (W, W ) and (Y, Y ) are pairs, (W, W )' Y ' y °^ denotes the space of all continuous 
functions Y — > W sending Y — > Wo- It is given the subspace topology in /C from 
W Y . 

Result 2.1. If{W, Wo) is an NDR pair and ifY is compact, then Wo is a subspace 
of (W,W ) (Y ' Yo) and the pair is an NDR pair. 

Proof. Since a subspace of a subspace is a subspace Wo Y is a subspace of (W, Wo) . 

If u: W — > [0, 1] is the map which is part of the definition of an NDR pair, then 
u: W Y — > [0,1] defined by u(f) = sup ygy u(/(y)) is continuous. This uses Y 
compact. Note m~ 1 (0) = W Y ■ 

If F : W x [0, 1] — > W is the homotopy which is the other part of the definition of 
an NDR pair, then if F : W Y x [0, 1] -> W Y is defined by (F(f, t)) (y) = F(f{y),t) , 
the pair (F,u) shows the function spaces form an NDR pair. □ 

Remark 2.2. If * w € W is non-degenerate then c Y _ >t is a non-degenerate point 
in both W Y and W Y . 

2.2. The path groupoid. Given two points wq, wi E W let W WOtW1 denote the 
set of homotopy classes of paths from u>o to w\ where the homotopies are rel end 
points. The set W WOrWl is non-empty if and only if u>o and w± are in the same path 
component of W. 

If wo, wi and W2 are all in one path component of W, path concatenation defines 
an associative pairing 

-1 

Reversing the path defines an involution W Wo _ Wl ► W Wl Wo , and hence a bijec- 

lx -i 

tion, such that the image of the composition W W(uWl ► W WQ . Wl x W WltWo — > 

W Wo<Wo is the constant path at wq- There is a similar constant map W WQiWl — > 

For any w 6 W, is a group under path concatenation with _1 being the 

inverse map. 

If W Wo>Wl is non-empty, the group W Wo>Wo acts on it on the left and the group 
W WuWl acts on the right. Associativity of path concatenation makes W WOlW1 into 
a bi-set. 
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Result 2.3. If non-empty, the bi-set W W0)Wl is a tors or for each group action. 

Proof. To be a torsor means the group action is transitive and the isotropy subgroup 
of any point is trivial. 

Let To, n € W Wo>Wl . Then n = To • (t^ 1 • ti) and t^ 1 • t\ £ W Wl . Wl . Similarly 
Ti = (ti • Tq 1 ) • To and ti • t^ 1 € W^o^. Hence both actions are transitive. 

Now suppose A • t = t for some A S W W0) „j and some t e W Wo . Wl . Then 
(A • t) • t _1 = t • t _1 and therefore A is homotopic rel end points to the constant 
path and so the isotropy subgroup of t under the left action is trivial. A similar 
calculation shows the right action also has trivial isotropy subgroups. □ 

Lemma 2.4. Let tq, t% be representatives of elements in W Wo>Wl and let <f> € 
W WuWl . There exists a homotopy 

F: [0,1] x [0,1] -» W 

with F(t,0) = T (t), F(t,l) = n(t), F(0,s) = w = t (0) = n(0) and F(l,s) = 
<p(s) if and only if T\ = tq • 4>. 

Proof. Let H be a homotopy rel end points from to • <f> to t\. Figure 1 is a vi- 
sual representation for H and Figure 2 is one for F. Lemma 12.41 is equivalent to 
constructing F given H and H given F. 




Figure 3 

There is an evident map from the squares in Figures 1 and 2 to the triangle in 
Figure 3. Either map H or F induces a map G from the triangle to W . Given 

G, composition with the map from the appropriate square constructs both F and 

H. □ 

2.3. Bi-torsors. Suppose T is a left G torsor and a right H torsor as well as a G-H 
biset. For x £ T, define functions j x : G — > H and "/ x : H — > G by g • x — x • j x (g) 
and 7 a (h) • x = x • h. 

Result 2.5. Each x € T defines a group isomorphism j x : G — > H and an inverse 
isomorphism ^ x : H — > G 

Proof. Note j x (e G ) = e H and %{e H ) = e G . Also check x • 7^(31^2) = (5152) •% = 
91 • {92 • x) = g x • (x • 7^(52)) = (51 • x) • j x (g 2 ) = x • (j x {gi)j x (g 2 )) so j x 
is multiplicative. Check j x and j x are inverse functions. Hence they are inverse 
homomorphisms and the result follows. □ 
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Result 2.6. If x\, x 2 G T, then j Xl and r ) X2 ar c conjugate as are j Xl and "f X2 

Proof. If xi = x 2 • h, x\ • jxi(g) = g • xi = g • (x 2 • h) = x 2 • {lx 2 {g)h) = 

(x 2 •h)» {h~ x j X2 (g)h) = xi • (h^ 1 ^ X2 (g)h) so j xi (g) = h~ l ~f X2 (g)h. The proof for 
the 7 is similar. □ 

2.4. Principal Fibrations. A principal fibration is a fibration E -^-> B which is 

a pull-back of the path- loop fibration flC — > PC Pc > C along a map w: B — > C. 

The definition of the space PC requires a base point in C, say * c . Then PC is the 
space of all maps A : [0, 1] — ► C such that A(0) = * c . Equivalently it is the subspace 
of C [0 ' 1] of paths that start at * c , (C, * c ) ([0 ' 1] ' 0) . 

Up to fibre homotopy equivalence, a principal fibration has a standard model. 
The total space is E w C B x C*! ' 1 ! such that (6, A) G E w if and only if w{b) = A(l) 
and * c . = A(0). The fibration projection is just projection onto the B factor. If B 
is given a base point * B such that w(* B ) — * c , then E w has a base point, (* B , c) 
where it should cause no confusion to shorten the notation for the base point in a 
function space to c. 

For the purposes of this paper it suffices to pick a convenient based map w, 
and then work with E w . Two uu which are based homotopic yield E w which are 
based fibre homotopy equivalent and all questions discussed here only depend on 
the based fibre homotopy type of the fibration. 

The next result describes the set of lifts. There is a map induced by composition 
with io, w x : B x -> C x . 

Result 2.7. The set of homotopy classes of lifts of f S B x is equivalent to the set 
W WOlWl where W = C x , Wo = c and w% — w x (f). If f is based, then the set of 
based homotopy classes of lifts of f is equivalent to the set W WOjWl for the same Wi 
but with W = C X . 

Proof. A map of X to E w consists of a map / ': X — > B and a map A: X — > C^ 0,1 ! 
satisfying two conditions: w o f(x) = A(x, 1) and A(a:,0) = * c . 

Consider the map / as a point / G B x and the map A as a map A: [0, 1] — > C x 
satisfying two conditions: A(0) = c and A(l) = w x (/). Two lifts of /, Ao and Ai, 
are homotopic as lifts if and only if Ao and Ai are homotopic rel end-points, that 
is, they represent the same element in W WOlWl . □ 

Result 2.8. Given a map f G Y x , a lift to the free loop space is a map $ : [0, 1] — > 
Y x such that $(0) = $(1) = /. In other words, the set of homotopy classes of lifts 
of f to the free loop space on Y is equivalent to W WlW with W — Y x and w — f . If 
f G Y x then the based lifts are equivalent to W w ^ w with the same w and W = Y x . 

3. The proof of Theorem 11.21 

Fix a principal fibration p: E w — > B, w: B — > C. Fix a base point in B and 
use its image to base C. This gives a preferred base point in E w . Also fix a based 
space X. 

Let W — C x . Since C must have a base point to define E w , let c be the constant 
map of X to the base point of C. Fix e : X — » E and let f = po e. 

Remark 3.1. Given f:X—>B, there exist such e's if and only if w o f is null- 
homotopic rel base point. 
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Up to homotopy of lifts, e is determined by / and A 6 W c>w x/fy The group act- 
ing on the left is W CiC — [A, SIC]. The group acting on the right is W w x^y w x^ — 

Lift™ 01 f (A > LC). The isomorphism j e in Theorem 11.21 is the map defined by 
Result O 

Two lifts Ao and Ai are homotopic in [X, E] if and only if there are homotopies 
[0,1] -» B x with $(0) = $(1) = / and F: [0,1] x [0,1] -> C x such that 
F(l,s)=w x ($(s)), F(i,t) = Ai(t), i = 0, 1. 

Equivalents, $ G Lift{(X > LB) and, if = G Lift woS (X > LC), 

Lemma 12.41 completes the proof of Theorem 11.21 



4. Some general remarks on calculations 

There are some situations in which the group of lifts calculation can be replaced 
by just calculating a set of homotopy classes of maps. 

One situation, Corollarv l4.2( is a generalization of a result of James and Thomas, 
[21 Theorem 2.6, p. 493]. 

Theorem 4.1. Let Y be a based space and let f: X —>Y be a based map. Then 
Q = Lift{{X > LY) -L- [X,LY] [X, Y] 

is exact in that the image of i is e^ 1 (/)- The image of i is also the set of conjugacy 
classes of elements of Q . 

Proof. A lift is a map X — > LY = y s . By the exponential correspondence a lift 
is also a map S 1 — » The lift property is equivalent to the additional condition 
that the base point of S 1 goes to / G Hence <7 = tti(Y , /). 

An element [AT, LF] is equal to an element in [5 1 , F x ] with no condition on the 
base points except that the base point of S 1 lands in the path component of /. 
There is always a homotopy which takes the base point of S 1 to / G Y x so the 
image of i is e^ t 1 (/)- 

It is always true that the relation between iri(Y x ;f) and the free homotopy 
classes is that the set of free homotopy classes is the set of conjugacy classes. □ 

Corollary 4.2 (James & Thomas, [2]). The group IAft f AX > LY) is abelian if 
and only if l is injective. 

Given a map w: B —> C, there is an induced map L w : LB — > LC and 

LifK(X > LB) [X,LB] -A- [A, B] 

Cw *i Lw *i w *i 

Liftr f (X > LC) > [A,LC] -^U [A,C] 

commutes. Hence, if the group L?/i™ 0/ (A > LC) is abelian the cokernel of Cw# 
can be worked out from knowledge of just the right-hand square. Specifically 

Corollary 4.3. With notation as above, suppose Lift™ 01 (X > LC) is abelian. 
The set C = o /) c [A, LC] is a group. The set L w# ((e^t) _1 (/)) is a 

subgroup of C and there is a bisection between the coset space of this inclusion and 
the cokernel of Cw# . 
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5. Some results on H-spaces 

To go further with the analysis in the last section requires some hypotheses. Let 
B and C be H-spaces which have the homotopy type of CW complexes. Do not 
assume that the classifying map w: B — > C is an H-map. Theorem 11.21 under these 
additional assumptions was obtained by J. W. Rutter [9j Theorem 1.3.1, p. 382] and 
there is considerable overlap between his §1.4 and the material here. 

If Y has the homotopy type of a CW complex, so do LF and £IY, see Milnor 
[H Theorem 3, p. 276]. If Y is an H-space, the section map s: Y — > LY and 
the inclusion map i : HY — » LY can be multiplied using the H-space product to 
give homotopy equivalences, flY x Y — > LY, see James & Thomas, [2j Theorem 
2.7, p. 494], or Zabrodsky, [13l 1.3.6 Proposition, p. 24]. It follows that for any 
h: X — >Y, Lift*[X > LY) is isomorphic as a group to [X, flY]. Since Y is an 
H-space, [X,QY] is abelian and Lift*(X > LY) = [X,QY] x h C [X,QY] x 
[X,Y] = [X,LY]. 

Hence it suffices to understand Lio^ for w: B — > C. If a £ [X,flB] and £ 
[X,B] write a x for ^'((w)*^)) ( s i)#(/5)) Hence, to understand Lw^ it suffices 
to understand Lw#(a x /3) where a G [X, FIB] and /? S [X, B\. 

Zabrodsky |13[ §1.4, p. 25] discusses the deviation from a map being an H-map. 
In this case, the deviation is a map D : LB A LB — > LC which depends on w and 
is null- nomotopic if and only if w is an H-map. 

With a £ [X, QB] and £ [X, B] define W(a, 0) as the composition 

I^IAI SIBAB^ LB A LB LC 

Then /i 2 (lF(a,/3),Lu; # (a x /?)) = (Oio) # (a) x w # {0). 

Assume further that C is homotopy-associative so that LC is also homotopy- 
associative. Then [X, LC] is a group and so 

Lw # (a x 0)) = Ha(W(a, 0)~\ (Slw)#(a) x w # {0)) . 

To continue, Zabrodsky [13, 1.4.2 Proposition, p. 25] shows that 

LBALB LC 

BAB C 

commutes. Hence it follows that the composition QB AB ' lA£l > LBALB — LC 

lifts to a map QB A B — > £7C. This is a map into f2C so it has a multiplicative 
inverse D: QB AB -> DC. Further, for a £ [X, B] and £ [X,QB] define a A w 

as the composition X X AX " A/3 > QlB A B -^-> ilC. Note a Au, /3 is bilinear 

in both a and 0. 

Plugging this into the formula above shows Lw#(a x 0)) = lA%\C\2)#{a A w 
0),(ttw)#(a) x w # (0)). Let /z 3 : fiC x ftC -> fiC be the usual H -space multi- 
plication and since is homotopy-associative the next formula has been proved: 

(JUT]) Lw#(a x /?)) = ^((a A w /?), (fliu) # (a)) x u>#(/3) 

Formula [SHI Corollary 14.31 and Theorem 11.21 prove 



8 



LAURENCE R. TAYLOR 



Theorem 5.2. Let B andC be H- spaces with C homotopy- associative. Letw: B — > 
C be any map. Let E be the homotopy fibre of w, so QC — > E B is a principal 

fibration. Let (3 G [X, B] be such that W#(/3) = 0. Then (p # y 1 (f3) C [X,£] 
zs non-empty and there is a bisection between (p#)~ l (f3) and i/ie cokernel of the 
homomorphism tp: [X,SIB] — > [X,f2C] defined by ip(at) — [i3\(ot A w 0), (f2w)#(a:)) 
/or eac/i a e [X, O C"] . 

Remark 5.3. Continuing in this vein, let e € [X, £] be some element with p#(e) = 
/?. Let 

ii5A£ lnBAp » fl5ABillC 

and define a A' w e as the composition X — — > X A X — " Ae > SIB A E g > 51 C. 

Certainly ^3\(oiA w 0), (Slw)#(a)) and ^((aA^e), (f2to)#(a)) have the same image 
and sometimes 2)' is easier to compute than J). 

Further information on 2) can be obtained by applying (15. 1|) to the identity map 
which yields the next result. 

Theorem 5.4. The composition flB x B — ► LB L w > LC is homotopic to the 
following composition. 

flBx B _±^-L> (QB AB)x (QB x B) ZxUwxw , fiCxfiCxC fiCxC LC 
where s: SlBxB^QBAB is the usual map. 

Corollary 5.5. Suppose a G H ri (SlB;Z) and b G H r2 (E;Z) are primitive classes, 
T{ > 0. TTien 25* (a x 6) G H ri+r2 (QC; Z) maps to Lw*(a x 6) £ H ri+T2 (LC;Z). 

Proof. Since both a and o are primitive, the composition 

VLBxE (f2B x E) x (QB x£)-t A £7) x (f2_B x B) 

on a x o is (a A 6) x (1 x 1) + 1 x (a x 6). By Theorem 15.41 the result follows since 
iu*0) = 0. □ 



Remark 5.6. If C is not an H-space but 
fiSC and consider the composition _B — » 

inclusion. There is a commutative ladder 



is highly connected, then replace C by 
C — ► 17 EC where f, is the canonical 



nc -» e -> 5 c 

ft 2 EC -» £ -> S — ^ fiEC 

If TTi(C) = for i < n, then for any complex X of dimension ^ 2n — 2, [X, C] — > 
[X, f2EC] is an isomorphism as are the other induced vertical maps. The results 
above can be applied to the E principal fibration to yield results about the E 
principal fibration. 
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6. Some examples 

6.1. Steenrod's problem. Steenrod [11] solved the problem of enumerating the 
homotopy classes of maps [X, S n ] where n ^ 3 and X is a CW complex of dimension 
at most n + 1. Thcorcm ll.2l is not needed for the calculations in this subsection, but 
the results are needed below. A modern approach to this problem goes as follows. 

For n ^ 1, let SE n be the fibre of the map K(Z, n) — if (Z/2Z, n + 2). There 

is a map S n — > SE n and the induced map [X, S n ] — » [X, SE n ] is an isomorphism 
if n 3 and the dimension of X is at most n + 1. In other words, SE n is the first 
two stages of a Postnikov decomposition for S n . The needed calculations are due 
to Serre [10]. 

For n ^ 3, SE n = HSE n+ i so SE n is a homotopy-abelian H-space, [X, SE n ] is 

an abelian group, and the fibration dc-loops. Write coker (Sq 2 ^ f° r the Z/2Z vector 

space H n+1 (X;Z/2Z)/Sq 2 (H n - 1 (X;Z)). Steenrod's main theorem pH Theorem 
28.1, p. 318] follows: 

(IBID -» coker (^f ) -> [X, S n ] -» Z) -> 

is an exact sequence of abelian groups. 

Historically of course this approach is backwards. Steenrod invented Sq 2 to solve 
this problem and then worked out the Steenrod algebra which led to Serre's work. 
One could make a case for this being one of the all-time most important problems 
in algebraic topology. 

Larmore and Thomas [3] §5] give a procedure to determine the extension in 
(|6.ip . In this case their procedure reduces to determining how the kernel of the 
multiplication by 2 k on H n (X;Z) maps into [X, S n ]. To analyze this, consider the 
2 power maps on SE n , Sk, k ^? 1. For each k there is a commutative ladder of 
fibrations 

c 2 

K(Z/2Z, n + 1) > SE n ; > K(Z, n) — K(Z/2Z, n + 2) 

K(Z/2Z, n + 1) > SE n * > K(Z, n) — K(Z/2Z, n + 2) 

Since the rows are fibrations (up to homotopy) there exists a map ip' k as indicated 
in the diagram making the lower triangle commute. Since H n+1 (K (Z, n); Z/2 fc Z) = 
0, the map ip' is unique. It follows from the Serre spectral sequence for the fibration 
that H n+1 (SE n ; Z/2 fc Z) = so the upper triangle involving ip' k also commutes. 

Next check that the following diagram commutes. 

K (Z, n) — > SE n 

|x 2t 1 

K(Z.n) > K(Z,n) 




K(Z/2 k Z, n) > K(Z/2Z, n + 2) 

It follows that there is an induced map on the fibres which is the loops of Sq 2 
and is therefore again Sq 2 . Hence 
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K(Z/2 k Z, n-1) > K{Z/2Z, n+l) 

I* , 1 
K(Z, n) > SE n 

l 2fc , I 
K(Z,n) > K(Z,n) 

commutes, where 8k is the evident Bockstein. The next result summarizes the 
above discussion. 

Theorem 6.2. Let X be a finite complex of dimension ^ n+l. Fix 7 £ H n (X;Z) 
and suppose there is a k 1 suc/i that 2 kr y = 0. Picfc 7' 6 H n ~ 1 (X;Z/2 k Z) 
with 4(7') = 7 W i/iera compete Sq 2 {i) G H n+1 (X;Z/2Z)/Sq 2 (H n - 1 (X;Z)) C 
[X, S n ]. For any 7 G [X, S n ] which maps to 7; 2 fc 7 = ^(7) = Sq 2 (7'). 

Example 6.3. Suppose X is a complex of dimension ^ n + 1 and suppose that 
Sq 2 : H n - x (X;Z) -> H n+1 {X;Z/2Z) and Sq 2 : H n ~\X;Z/2Z) -> H n+1 (X;Z/2Z) 

have the same image. Then [X, 5"] = coker (svf ) © H n (X; Z). 

Example 6.4. If X 4 is Habegger's manifold pQ or an Enrique's surface, then 
Sq 2 : H 2 (X;Z) -> H 4 (X;Z/2Z) is zero but Sg 2 : H 2 (X;Z/2Z) -> H i (X;Z/2Z) is 
onto. Since i? 3 (X; Z) = Z/2Z it follows that [X, S 3 ] = Z/4Z. 

6.2. Pontrjagin's problem. Pontrjagin [H] solved the problem of enumerating 
[X, S 2 ] for X a 3-complex before Steenrod did his work. From the point of view 
taken here, S 2 — > B5 1 — -> BS* 3 is a fibration so S* 2 is the total space of a principal 
fibration, S 3 -> S 2 -> BS 11 . Since S* 1 is an abelian group, BS* 1 = CP°° is an 
H-space. However, S 3 is not abelian and BS* 3 = HP°° is not an H-space. 

However, iri(BS 3 ) = for i < 4 so Remark l5.6l savs that as long as the dimension 
of X is ^ 2 • 4 — 2 = 6, the theorems in §5 apply. The next subsection computes 
the answer for all complexes of dimension 4 and includes a statement and proof 
of Pontrjagin's result as Corollarv l6.9l 

6.3. The second cohomotopy set of a 4-complex. Let X have the homo- 
topy type of a CW-complex of dimension ^ 4. The first step is to compute 
the map [X^BS 1 ] -> [X,BS 3 ]. The map B5 3 -> K(Z,4) giving a generator of 
F 4 (BS 3 ;Z) = Z is 5-conncctcd, so [X,BS 3 ] -> [X,K(Z,4)] = i? 4 (X;Z) is an iso- 
morphism. Since the map B5 1 — > BS" 3 is the standard inclusion of CP°° in HP°°, 
the map [X^BS 1 ] = H 2 (X;Z) -> [X,BS 3 ] = iJ 4 (X;Z) is just the cup product 
square. Hence [X, S 2 } — ► H 2 (X; Z) is onto the subset of classes /3 G H 2 (X; Z) such 
that /3U/3 = G H 4 (X;Z). 

Since B5 3 is not an H-space, use Remark 15.61 and work with SIEBS* 3 . 

In §6.1, the group [X, S 3 ] — [X, il 2 Y,BS 3 ] was computed for any 4-complex. 

For a fixed map e : X — > S 2 , the next step is to understand the homomorphism 
4) e : H X {X;Z) -> [X,0£BS* 3 ]. Since a G iJ^pTjZ) is equivalent to a homotopy 
class of based maps a : X — > S 1 , and since 2)' : 5 1 A S 2 — > f^UBS* 3 , it follows that 
2)' factors through the degree c e -map S* 3 — > S 3 . Hence there is a homomorphism 
{[>: H 1 (X;Z) — > [X, 5 3 ] such that -0 e is the composition 

H\X;Z) [X,S 3 ] [X,5 3 ] 
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where (c e )# is the map induced by the degree c e map on S 3 . Since [X, S 3 ] is an 
abelian group, (c e )# is just multiplication by c e . 

By definition, the composition H 1 (X;7,) — [X, S 3 ] — > H 3 (X;Z) just sends a 

to a U/3 where /3 £ H 2 (X;Z) is given by pulling back the fundamental class in 
P 2 (S" 2 ;Z) via e: X -» S 2 . It follows from Lemma EH below that c e = ±2. The 
sign will not be determined here. 

Lemma 6.5. The map H^LBS 1 ;^) — > i?3(LB5 3 ;Z) is multiplication by ±2. 

Proof. For to = 1 or 3, the Serre spectral sequence for 5™ — > LBS™ — > B5 m col- 
lapses and P*(LBS m ; Z) = E(e m )®Z[x m +i] where e m £ H m (LBS m ; Z) is the im- 
age of H m {S m ; Z); x m+ i <E i? m +i(.LBS m ; Z) maps to a generator of H m+ i(BS m ; Z); 
E(e m ) is an exterior algebra and Z[x m +i] is a polynomial algebra. 

Now H 2 (LS 2 ;Z) = Z © Z/2Z, say by Ziller, [HI p. 21]. It follows that in 
the Serre spectral sequence for the fibration LS 2 — > LB5 1 — > LBS 3 there is a 
single differential from H 3 (LBS 3 ;Z) onto Z/2Z so ff 3 (LBS' 1 ;Z) -> H 3 (LBS 3 ;Z) 
is multiplication by ±2. □ 

It follows that the homomorphism V> e : H 1 (X; Z) — > [X, S 13 ] factors as 

tfi(X;Z) ( ~ )U/3 , H 3 (X;Z) [X, S 3 ] 

and so only depends on /? and hereafter will be written ipp 

Theorem 6.6. Let X be a complex of dimension ^ 4 and let p# : [X, S 2 ] — > 
_ff 2 (X;Z) &e i/ie map pulling back a fixed generator of H 2 (S 2 ;Z). 

If (3 G H 2 [X; Z) is given, then p^{(3) is non-empty if and only if fj Li (3 = 0. 
Furthermore, if p~7, (/3) is non-empty, then there is a bijection between it and the 
cokernel of 'tpp: H X {X;Z) -v [X, S* 3 ]. 

Remark 6.7. Let P be the cokernel of R X {X;Z) 2( - )u/3 > H 3 (X;Z). Then 
there is an exact sequence 

coker (•S? 2 ) — ^ coker (^g) — > P^ — > 

The kernel of q is the set of all elements of the form Sq 2 (a) for some a G H 2 (X; Z/2Z) 
such that there exists a G H 1 (X; Z) such that 01(a) = a U /3 G H 3 (X; Z). 

Remark 6.8. There are three types of connected, closed, compact 4-manifolds: (1) 
there exists anie H 2 (X; Z) with odd square; (2) for all x G H 2 (X; Z/2Z) xUx = 0; 
(3) X is not of type (2) but for all x G H 2 (X; Z) x U x is even. If X has type (1), 
coker (ipp) — > P/3 is an isomorphism. If X has type (2) — ► Z/2Z — > coker (^0) — > 
P/3 — > is split exact. If X has type (3) Z/2Z — » coker (^g) — > P^ — > is exact 
and Theorem 16.21 can be used to determine the group. If X has type (3) and if 
coker (ipp) — > Pp is not an isomorphism, then the sequence is not split. The manifold 
CP 2 has type (1), any Spin manifold has type (2) and the Habegger manifold p] 
is an example a type (3) manifold for which the extension is not split. The author 
does not know an example of a type (3) manifold for which coker (ipp) — > Pp is an 
isomorphism. 

Corollary 6.9 (Pontrjagin, [8]). If X is a 3- dimensional complex then [X, S 2 ] — ► 
H 2 (X;Z) is onto and there is a bijection between p^ ((3) and Pp. 
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Example 6.10. Let X = S 2 x S 1 . Then H 2 (X;Z) = Z: let 7 be a generator. 
If (3 = cy then there are maps X — > S 2 such that {3 is the image of a generator 
of H 2 {S 2 ;%) and there is a bijection between and Z if c = and Z/2cZ 

otherwise. 

Example 6.11. Let X = S 2 xS 1 xS 1 . Let {01,02} C H X {X;'L) = ZffiZbe a basis 
and let {a = ai U 02, b} c H 2 (X; Z) be a basis. It follows that {b U 01, b U 02} is a 
basis for H 3 (X; Z). Then /3 = aa + 6b has square if and only if a ■ b = 0. If b = 0, 
then coker = i? 3 (X; Z) © Z/2Z = Z 2 © Z/2Z. If a = 0, then the image of ipp is 
spanned by (26) b U 01 and (26) b U o 2 and so coker (ipp) ^ Z/26Z © Z/26Z © Z/2Z. 
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